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ABSTRACT 

A new algorithm for interpolation, inverse interpolation, 

and integration of functions given by a table is proposed and 

numerical examples are given. 
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I n t r o d u c t i o n  

The approximate i n t e g r a t i o n  of func t ions  of one v a r i a b l e  f a l l s  
* 

i n t o  two classes: 

It can  be e a s i l y  seen  t h a t  t h i s  c l a s s i f i c a t i o n  i s  r a t h e r  a r b i t r a r y .  

d e f i n i t e  i n t e g r a l s  and i n d e f i n i t e  i n t e g r a l s .  

Nevertheless ,  we could say  t h a t  e .g .  t h e  Gauss i n t e g r a t i o n  

belongs t o  t h e  f i r s t  c l a s s  i f  f ( x )  i s  given a n a l y t i c a l l y ,  b u t  t he  

i n t e g r a t i o n  of func t ions  given i n  t a b u l a r  form*belongs t o  t h e  second 

c l a s s .  

i f  t h e  v a l u e s  of the t a b l e  are nonequid is tan t .  

W e  d e s c r i b e  a new a lgor i thm f o r  quadra ture  which works a l s o  

1 
It i s  c o r r e l a t e d  t o  t h e  Ai tken - In t e rpo la t ion  and can a l s o  be 

used (with s l i g h t  mod i f i ca t ions )  f o r  i n t e r p o l a t i o n  and i n v e r s e  

i n t  e rpo  l a  t ion .  

The Convent ional  A i tken - In t e rpo la t ion  

L e t  f ( x )  be a f u n c t i o n  of x, and l e t  f = f (x .1 ,  f k  = f ( \ ) .  
j 3 

Then we can write t h e  l i n e a r  i n t e r p o l a t i e n  

* 
A dixzisionIn -whish - fol low V. I. Rrylov's "Approximate 
C a l c u l a t i o n  of I n t e m a l s " ,  ACM-Monograph S e r i e s ,  MacMillan 
Company, New York, t r a n s l a t e d  by A. H. Stroud,  1962 (MOSCOW 1959). 
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I n  an analogous way w e  can c a l c u l a t e  t h e  i n t e r p o l a t i o n  of n- th  degree 

by n-times i t e r a t i n g  a l i n e a r  i n t e r p o l a t i o n  

f 
j ,j ,  X - x  

'n+1 j l  

For more information see r e f e r e n c e  2 .  

The Moving Ai tken- In te rpola t ion  

Let  f ( x )  be a func t ion  t o  be i n t e r p o l a t e d .  It  i s  w e l l  known, 

t h a t  high degree polynomials - even i f  w e  could d i s r e g a r d  t h e  

d i f f i c u l t y  t o  e v a l u a t e  them - s c i l l  might g ive  a s t r o n g l y  

o s c i l l a t i n g  behavior ,  

It i s  t h e r e f o r e  reasonable  t o  t r y  t h e  method f o r  a low degree 

polynomial. 

(Q g e n e r a l i z a t i o n  t o  t'L i s  given i n  Appendix I ) 

For example, w e  chose a quadruple of po in ts )  

which def ine,  p r e f e r a b l y  (but n o t  n e c e s s a r i l y )  between k and e t h e  

3rd order polynomial. Then w e  go over t o  t h e  next  s e t  of fou r  p o i n t s  
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and rename them 

Now we describe i n  m o r e  detai led fashion, what we are doing using 

a symbolic language3 and a Legend which should be e a s i l y  understood. 

Notice: 

a similar process the quadrature. 

in  the Appendix I V  w e  a l so  give a FORTRAN-63-PROGRAM for 

3 
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Moving Aitken-Loop 

j + l  C- j 

k + l  k 

j + l  + a  

m + l  f m 

m < N loop m : N  

1 m > , N  

STOP 

Legend 

CPisose 4 consecut ive  po in t s  

c a l c u l a t e  t h e  func t ion  va lues  

linear i n t e r p o l a t i o n s  

d-.fine t h e  f j k ,  fka, and f k?m 

l i n e a r  i n t e r p o l a t i o n s  

d e f i n e  f jka and f kjm 

l i n e a r  i n t e r p o l a t i o n  

j kam de f ines  f 

move t h e  i n d i c e s  

comparison of m wi th  t h e  

Largest  index N a v a i l a b l e  
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We w i l l  g ive  i n  Appendix I1 examples where the  Moving AITKEN has 

been appl ied .  

In t e rDo la t ion  of a Tabulated Function and Inverse  I n t e r p o l a t i o n  

We b r i n g  these  s u b j e c t s  together  s i n c e  fo r  a n  inve r se  i n t e r p o l a -  

t i o n  a t abu la t ed  func t ion  would be a n  unusual s i m p l i f i c a t i o n .  

For,  i f  we  have a func t ion  u(v) t abu la t ed  

, (where the  bracke t  as usua l  

des igna tes  a set), 
c.r 

t h e  inve r se  func t ion  v (u )  is j u s t  

i n  o ther  words, a 

change noth ing  of 

permutat ion of t h e  rows. This  technique would 

the  s t r u c t u r e  of t h e  Aitken-Loop only t h a t  t h e  

funct ion-values  now work as v a r i a b l e s  and t h a t  t h e  v a r i a b l e s  now 

work as func t ion  va lues .  An example of t h i s  technique is shown 

i n  Appendix I11 where t h e  r o o t  is found by r ead ing  i n  t h e  new 

v a r i a b l e  zero,  g iv ing  " 

func t ion .  

Moving AITKEN i n  D i f f e r e n t  Representat ions 

" as func t ion  va lue  of t h e  inve r se  Y r  oot 

The Moving Aitken can g ive  us a s e t  of polynomials, each v a l i d  

This  means t h a t  f o r  a s m a l l  p a r t  of t h e  func t ion  t o  be i n t e g r a t e d .  

w e  can i n t e g r a t e  wi thout  the  usual c o r r e c t i o n  t e r m .  

e r r o r  arises from the  Ai tken- In te rpola t ion .  Even t h i s  s i t u a t i o n  can  

g ive  us  ve ry  d i f f e r e n t  prec is ions ,  depending on the  p r e c i s i o n  

p o s s i b l e  f o r  t h e  i n t e r p o l a t i o n .  

The o n l y  

Some examples are given i n  Appendix V. 
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r d  L e t  u s  a l s o  s t a t e  t h a t  we can express  our 3 degree polynomial 

by a matrix , f j k e  m wi th  the  p rope r ty  

where f j k e  i s  another way of w r i t i n g  t h e  4-poin t  i n t e r p o l a t i o n .  

f is shown on page 7 and f j k c  On page 8 '  We w i l l  t hen  

f i n d  a formula easier t o  i n t e g r a t e  on t h e  consecut ive  pages.  

w j k e  m 
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a 11 + bll a 1 2  

a 21 + b 2 1  a22 

- - 

The I n t e g r a l  by a Purel-q Ari thmetic  Procedure 

Now w e  w i l l  d e r i v e  t h e  computational form of the  i n t e g r a l  

For a p r o g r m  s e e  Appendix I V .  Two simple r u l e s  of 

1 2  a 
a 11 a12 bll 

=21 a 22 b 2 1  a22 

+ 

linear a lgeb ra  are needed. 

1 all C '  11 a 

- - 
1 

21  C a 
21 a 

a)  A d d i t i v i t y  of Columns 

C 

This  w i l l  g ive  for t h e  l i n e a r  i n t e r p o l a t i o n  

f (x) = 
j k  

xc K 

dx. The four -poin t  i n t e r -  S i m i l a r l y  we g e t  f j k e  m and l f j k I  m 

4 
p o l a t i o n  can  be written X 

x - x  m. j 

j 
x - x  m 

9 
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and f kk?m ( x )  i n  an analogous way (with € klm' fk2rn (I) 

lower s t e p  i s  f 

fk2m (2) ) .  The nex t  

It can be w r i t t e n  ki' f.i?m)' 
( x )  and f 

jk 

Again apply ing  t h e  inentioned j klm" This  concludes our  d e r i v a t i o n  of f 

r u l e s  of l i n e a r  a lgeb ra ,  we can now w r i t e  f e x p l i c i t l y  . j kRm 

These c o e f f i c i e n t s  should be easy t o  c a l c u l a t e  by a p p l i c a t i o n  of t h e  
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foregoing  formulas.  They a l s o  should reduce the  i n t e g r a t i o n  t o  a 

s imple procedure : 

Some examples w i l l  be given i n  Appendix V. It goes wi thout  

say ing  t h a t  t h e r e  are s i t u a t i o n s  where a lower degree formula has  

t o  be accepted.  

Acknowledgment 
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Appendix I 

The method ou t l ined  above can be genera l ized  as f o l l o w s :  

1 

x - x  
j n  j l  

+ 
x - x  

j n  j l  i: Y = l  

X 
j l  

X 
j n  

c 
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Appendix I1 

Examples of  Moving Ai tken- In te rpola t ion  

We took four po in t s ,  e .g .  

2.0 

2.1 

2.2 

2.3 

and i n t e r p o l a t e d  cosh x wi th  x = 2.15, t hen  went on t o  another 

quadruple of p o i n t s ,  e.g. 

2.1  

2.2 

2.3 

2.4 

and i n t e r p o l a t e d  

are l i s t e d  ( t h e  l i n e  i n d i c a t e s  the decimals w e  g o t . )  

cosh x wi th  x = 2.25; some i n t e r p o l a t e d  va lues  

I ( ,  X cosh:x 

2.1500000 

2.2500000 

2.3500000 

2.4500000 

2.5500000 

2.6500000 

2.7500000 

Note t h a t  the  "Moving Aitken" i s  wi thout  any change app l i cab le  t o  

nonequid is tan t  p o i n t s .  (See also Appendix 111). 
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Appendix IiI .  

Example fo r  "Inverse I n t e r p o l a t i o n "  

The inverse  i n t e r p o l a t i o n  i s  done by i n v e r t i n g  the  two columns 

g iv ing  the v a r i a b l e  x, and the  func t ion  va lue  f ( x ) .  

a r e  taken a s  (nonequid is tan t )  v a r i a b l e s  and the  x va lues  a r e  taken 

as func t ion  va lues .  

The f ( x )  va lues  
9< 

* 

-. 0548663432 .2857142857 

.6144008937 .2777777777 .2850636529 

1.038806256 1 .2702702702 .2886462062 .2852433791 

1 .0982165601 .2941176470 .2818624741 .2862125448 .2851924139 

.28519241394 = xroot, i . e .  f (xroot )  = 0 

- - - - -  
* Of the  inve r se  func t ion  o f  f ( x ) .  
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Appendix IV. 

Subroutine A i t k e n  

1 

8 

3 

7 

6 
4 

5 

13 

14 

2 

9 

12 

SUBROUTINE AITKEN(LIML, LIMU) 
DIMENSION COEF (lo , lo), SAVE (10 , 10) 
COMMON/USE2/AREAP, GINT (10) , YINT (10) , INTD , COEF 
DO 1 M=l,INTD 
COEF (M, l)=GINT (M) 
NCOEF=l 
LIM=INTD 
LIM=LIM- 1 
IF(LIM)2,2,3 
NCOEF=NCOEF+l 
M= 1 
INDEX=NCOEFM-1 
DENOM=YINT (INDEX) -YIm (M) 
SAVE (M, 1)= (COW (Mj l)*YINT (INDEX) -COEF (M+l,l)*YINT (M) ) /DENOM 
N=2 
IF (N-NCOEF+1)4 , 4,5 
SAVE(M,N)=(COEF(M,N)*INT (INDEX) - COEF'(M+1 ,N)*YINT(M)-COEF (M,N-1) 

N=N+1 
GO TO 6 

M=Wl 
IF (M-LIM) 7,7 , 13 
DO 14 M=l,LIM 
DO 14 N=l,NCOEF 
COEF (M,N)=SAVE(M,N) 
GO TO 8 
ENTRY AITKENP 
YU=l* 
YL=1. 
DIV=O , 
AREAP=O 
DO 9 N=l, NCOEF 

YhYLWINT (LIML) 
DIV=DIV+l. 
AREAP=AREAPSCOEF (l,N)*(YU-YL) /DIV 
PRINT 12 , AREAP 
FORMAT (7H AREAP=E17.10) 
RETURN 
END 

1 i€OEF(M+l ,N-l)) /DENOM 

SAVE (M , N)=( -corn (M, N- ~)SCOEF (~+i, N-1) ) BENOM 

Yu=WWINT (LIMU) 
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The "Subroutine Aitken" has  been used i n  many cases, a few of them 

are r e p o r t e d  he re .  It i n t e g r a t e s  a t a b u l a t e d  f u n c t i o n  between two 

p o i n t s  which can be r e a d  i n  (AITKENP). 

r e p r e s e n t i n g  t h e  in tegrand  i s  v a r i a b l e .  The d e f i n i t e  i n t e g r a l  t hus  

c a l c u l a t e d  i s  c a l l e d  AREAP. 

The degree o f  t h e  polynomial 
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Appendix V. 

Numerical Resu l t s  

. 

(1) An i n t e g r a t i o n  of 

- j : o s  xdx 

0 
- 7  w a s  done. The i n t e g r a l  i s  of t he  order  of 10 , i n  o ther  words 

i t  i s  c o r r e c t  t o  6 decimals.  The s tepwidth w a s  gene ra l ly  . 1  

(2)  An in tegra t . ion  of a func t ion  f ( x )  w a s  done 

(a) 

(b) 

by i t s  a n a l y t i c a l  formula and by 32-point-Gauss, 

by four  p o i n t s  ( j ,  k, 1 , m) l y ing  on t h e  curve - unequal ly  

spaced - and by t he  proposed algori thm. 
- , -  

Gauss e v i d e n t l y  must be taken as "standard" of t h e  

comparison. 

I n t e g r a l  by Gauss I n t e g r a l  by Aitken 

1,3606219962 x loe2  
1.7660011005 x 

2.3272151107 x 

The i n t e g r a t i o n  r e g i o n  i s  about .01. W e  have 5 decimals 

agreement. O f  coursk the  c o r r e l a t i o n  can g e t  much worse i f  t h e  

i n t e g r a t i o n  l i m i t s  are too  f a r  a p a r t  or i f  t h e  curve g e t s  t oo  

s t e e p ;  however, each method d e t e r i o r a t e s  here .  
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